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Abstract. In this paper, we construct the symmetric tensor field Gf1f2 and
hf1f2 on a product manifold and we give conditions under which Gf1f2 be-
comes a metric tensor, theses tensors fields will be called the generalized warped
product, and then we develop an expression of curvature for the connection of
the generalized warped product in relation to those corresponding analogues
of its base and fiber and warping functions. By constructing a frame field in
M1 ×f1f2 M2 with respect to the Riemannian metric Gf1f2 and hf1f2 , then
we calculate the Laplacian−Beltrami operator of a function on a generalized
warped product which may be expressed in terms of the local restrictions of
the functions to the base and fiber. Finally, we conclude some interesting rela-
tionships between the geometry of the couples (M1, g1) and (M2, g2) and that
of (M1 ×M2, hf1f2).
1. Introduction. The warped product provides a way to construct new pseudo-
rieman nian manifolds from the given ones, see [6],[3] and [2]. This construction
has useful applications in general relativity, in the study of cosmological models and
black holes. It generalizes the direct product in the class of pseudo-Riemannian
manifolds and it is defined as follows. Let (M1, g1) and (M2, g2) be two pseudo-
Riemannian manifolds and let f1 : M1 −→ R
∗ be a positive smooth function on
M1, the warped product of (M1, g1) and (M2, g2) is the product manifold M1×M2
equipped with the metric tensor gf1 := π
∗
1g1 + (f ◦ π1)
2π∗2g2, where π1 and π2 are
the projections ofM1×M2 ontoM1 andM2 respectively. The manifoldM1 is called
the base of (M1 ×M2, gf1) and M2 is called the fiber. The function f1 is called the
warping function.
The doubly warped product is construction in the class of pseudo-Riemannian man-
ifolds generalizing the warped product and the direct product, it is obtained by ho-
mothetically distorting the geometry of each baseM
1
×{q} and each fiber {p}×M
2
to get a new ”doubly warped” metric tensor on the product manifold and defined
as follows. For i ∈ {1, 2}, let Mi be a pseudo-Riemannian manifold equipped with
metric gi, and fi : Mi → R
∗ be a positive smooth function on Mi. The well-know
notion of doubly warped product manifold M1 ×f1f2 M2 is defined as the product
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manifoldM =M
1
×M
2
equipped with pseudo-Riemannian metric which is denoted
by g
f1f2
, given by
g
f1f2
= (f2 ◦ π2)
2π∗1g1 + (f1 ◦ π1)
2π∗2g2 .
When the warping functions f1 = 1 or f2 = 1 we obtain a warped product or direct
product.
The paper is organized as follows. In section 2, we collect the basic material
about Levi-Civita connection, horizontal and vertical lifts. In section 3, we con-
sider the metric tensors g1 and g2 on manifolds M1 and M2 respectively and, for
a smooth function f
i
on M
i
, i = 1, 2, we define the symmetric tensors fields G
f1 f2
and h
f1f2
on M
1
×M
1
relative to g
1
, g
2
and the warping functions f
1
, f
1
, then
we give the condition under which G
f1 f2
becomes a metric tensor, this tensor field
will be referred to as the generalized warped product metric, next, we define also
its cometric and we compute the gradients of the lifts of f
1
, f
2
. Morever, by con-
structing a frame field inM1×f1f2M2 with respect to the Riemannian metric Gf1f2 ,
then we calculate the Laplacian−Beltrami operator of a function on a generalized
warped product which may be expressed in terms of the local restrictions of the
functions to the base and fiber. To end this section, we conclude with some impor-
tant relationships related to the harmonicity of function. In the final section, we
compute the curvatures of generalized warped product h
f
1
f
2
and we conclude with
some important relationships between the geometry of the triples (M1, g1), (M2, g2)
and that of (M1 ×M2, hf
1
f2
).
2. Preliminaries.
2.1. Horizontal and vertical lifts. Throughout this paper M1 and M2 will be
respectivelym1 and m2 dimensional manifolds,M1×M2 the product manifold with
the natural product coordinate system and π1 :M1×M2 →M1 and π2 :M1×M2 →
M2 the usual projection maps.
We recall briefly how the calculus on the product manifoldM1×M2 derives from
that of M1 and M2 separately. For details see [6].
Let ϕ1 in C
∞(M1). The horizontal lift of ϕ1 to M1 ×M2 is ϕ
h
1 = ϕ1 ◦ π1. One
can define the horizontal lifts of tangent vectors as follows. Let p1 ∈ M1 and let
Xp1 ∈ Tp1M1. For any p2 ∈ M2 the horizontal lift of Xp1 to (p1, p2) is the unique
tangent vector Xh(p1,p2) in T(p1,p2)(M1 ×M2) such that d(p1,p2)π1(X
h
(p1,p2)
) = Xp1
and d(p1,p2)π2(X
h
(p1,p2)
) = 0.
We can also define the horizontal lifts of vector fields as follows. Let X1 ∈ Γ(TM1).
The horizontal lift of X1 toM1×M2 is the vector field X
h
1 ∈ Γ(T (M1×M2)) whose
value at each (p1, p2) is the horizontal lift of the tangent vector (X1)p1 to (p1, p2).
For (p1, p2) ∈ M1 ×M2, we will denote the set of the horizontal lifts to (p1, p2) of
all the tangent vectors of M1 at p1 by L(p1, p2)(M1). We will denote the set of the
horizontal lifts of all vector fields on M1 by L(M1).
The vertical lift ϕv2 of a function ϕ2 ∈ C
∞(M2) to M1 ×M2 and the vertical lift
Xv2 of a vector field X2 ∈ Γ(TM2) to M1 ×M2 are defined in the same way using
the projection π2. Note that the spaces L(M1) of the horizontal lifts and L(M2)
of the vertical lifts are vector subspaces of Γ(T (M1 ×M2)) but neither is invariant
under multiplication by arbitrary functions ϕ ∈ C∞(M1 ×M2).
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Observe that if { ∂
∂x1
, . . . , ∂
∂xm1
} is the local basis of the vector fields (resp.
{dx1, . . . , dxm1} is the local basis of 1-forms ) relative to a chart (U,Φ) of M1 and
{ ∂
∂y1
, . . . , ∂
∂ym2
} is the local basis of the vector fields (resp. {dy1, . . . , dym2} the local
basis of the 1-forms) relative to a chart (V,Ψ) ofM2, then {(
∂
∂x1
)h, . . . , ( ∂
∂xm1
)h, ( ∂
∂y1
)v,
. . . , ( ∂
∂ym2
)v} is the local basis of the vector fields (resp. {(dx1)
h, . . . , (dxm1 )
h, (dy1)
v,
. . . , (dym2)
v} is the local basis of the 1-forms) relative to the chart (U × V,Φ×Ψ)
of M1 ×M2.
The following lemma will be useful later for our computations.
Lemma 2.1.
1. Let ϕi ∈ C
∞(Mi), Xi, Yi ∈ Γ(TMi) and αi ∈ Γ(T
∗Mi), i = 1, 2. Let ϕ =
ϕh1 + ϕ
v
2, X = X
h
1 +X
v
2 and α, β ∈ Γ(T
∗(M1 ×M2)). Then
i/ For all (i, I) ∈ {(1, h), (2, v)}, we have
XIi (ϕ) = Xi(ϕi)
I , [X,Y Ii ] = [Xi, Yi]
I and αIi (X) = αi(Xi)
I .
ii/ If for all (i, I) ∈ {(1, h), (2, v)} we have α(XIi ) = β(X
I
i ), then α = β.
2. Let ωi and ηi be r-forms on Mi, i = 1, 2. Let ω = ω
h
1 + ω
v
2 and η = η
h
1 + η
v
2 .
We have
dω = (dω1)
h + (dω2)
v and ω ∧ η = (ω1 ∧ η1)
h + (ω2 ∧ η2)
v.
Proof. See [4].
Remark 1. Let X be a vector field on M1 ×M2, such that dπ1(X) = ϕ(X1 ◦ π1)
and dπ2(X) = φ(X2 ◦ π2), then X = ϕX
h
1 + φX
v
2 .
3. About generalized warped products.
3.1. The generalized warped product. let ψ : M → N be a smooth map
between smooth manifolds and let g be a metric on k-vector bundle (F, PF ) over N .
The metric gψ : Γ(ψ−1F ) × Γ(ψ−1F ) → C∞(M) on the pull-back (ψ−1F, Pψ−1F )
over M is defined by
gψ(U, V )(p) = gψ(p)(Up, Vp), ∀ U, V ∈ Γ(ψ
−1F ), p ∈M.
Given a linear connection ∇N on k-vector bundle (F, PF ) over N , the pull-back
connection ∇
ψ
is the unique linear connection on the pull-back (ψ−1F, Pψ−1F ) over
M such that
∇
ψ
X
(
W ◦ ψ
)
= ∇N
dψ(X)
W, ∀W ∈ Γ(F ), ∀X ∈ Γ(TM). (1)
Further, let U ∈ ψ−1F and let p ∈M , X ∈ Γ(TM). Then
(∇
ψ
XU)(p) = (∇
N
d
p
ψ(Xp)
U˜)(ψ(p)), (2)
where U˜ ∈ Γ(F ) with U˜ ◦ ψ = U .
Now, let πi, i=1,2, be the usual projection of M1 × M2 onto Mi, given a linear
connection ∇
i
on vector bundle TMi, the pull-back connection ∇
pii
is the unique linear
connection on the pull-backM1×M2 → π
−1
i (TMi) such that for each Yi ∈ Γ(TMi),
X ∈ Γ(TM1 ×M2)
∇
pii
X
(
Yi ◦ πi
)
= ∇
i
dpii(X)
Yi. (3)
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Further, let (p1, p2) ∈M1 ×M2, U ∈ π
−1
i (TM) and X ∈ Γ(TM1 ×M2). Then
(∇
pii
XU)(p1, p2) =
(
∇
i
d
(p1,p2)
pii(X(p1,p2))
U˜
)
(pi), (4)
Now, we construct a symmetric tensor fiels on product manifold and give the
condition under which it becomes a tensor metric.
Let c be an arbitrary real number and let gi, (i = 1, 2) be a Riemannian metric
tensors on Mi. Given a smooth positive function fi on Mi, we define a symmetric
tensor field on M1 ×M2 by
G
f1,f2
= (fv2 )
2π∗1g1 + (f
h
1 )
2π∗2g2 + cf
h
1 f
v
2 df
h
1 ⊙ df
v
2 . (5)
Where πi, (i = 1, 2) is the projection of M1 ×M2 onto Mi and
dfh1 ⊙ df
v
2 = df
h
1 ⊗ df
v
2 + df
v
2 ⊗ df
h
1 .
For all X,Y ∈ Γ(TM1 ×M2)
G
f1,f2
(X,Y ) = (fv2 )
2gpi1
1
(dπ1(X), dπ1(Y )) + (f
h
1 )
2gpi2
2
(dπ2(X), dπ2(Y ))
+cfh1 f
v
2
(
X(fh1 )Y (f
v
2 ) +X(f
v
2 )Y (f
h
1 ))
)
.
It is the unique tensor fields such that for any Xi, Yi ∈ Γ(TMi), (i = 1, 2)
G
f1f2
(XIi , Y
K
k ) =

(fJ3−i)
2gi(Xi, Yi)
I , if (i, I) = (k,K)
cf Ii f
K
k Xi(fi)
IYk(fk)
K , otherwise
(6)
where (i, I), (k,K), (3− i, J) ∈ {(1, h), (2, v)}.
We call Gf1,f2 the generalized warped product relative to g1, g2 and the warping
functions f1, f2.
If either f1 ≡ 1 or f2 ≡ 1 but not both, then we obtain a singly warped product. If
both f1 ≡ 1 and f2 ≡ 1, then we have a product manifold. If neither f1 nor f2 is
constant and c = 0, then we have a nontrivial doubly warped product. If neither f1
nor f2 is constant and c 6= 0, then we have a nontrivial generalized warped product.
Now, Let us assume that (Mi, gi), (i = 1, 2) is a smooth connected Riemannian
manifold. The following proposition provides a necessary and sufficient condition
for a symmetric tensor field Gf1,f2 of type (0, 2) of two Riemannian metrics to be a
Riemannian metric.
Proposition 1. Let (Mi, gi), (i = 1, 2) be a Riemannian manifold and let fi be
a positive smooth function on Mi and c be an arbitrary real number. Then the
symmetric tensor field Gf1f2 is Riemannian metric on M1 ×M2 if and only if
0 ≤ c2g1(gradf1, gradf1)
hg2(gradf2, gradf2)
v < 1. (7)
Proof. Let {e
1
, ..., e
m
1
} and {e
m1+1
, ..., e
m1+m2
} be a local, orthonormal basis of
the vector fields with respect to g
1
and g
2
on an open O
1
⊂ M
1
and O
2
⊂ M
2
respectively. The matrix of Gf1f2 relative to
{v
1
=
1
fv
2
eh
1
, ..., v
m1
=
1
fv
2
eh
m1
, v
m1
+1 =
1
fh
1
ev
m1+1
, ..., v
m1+m2
=
1
fh
1
ev
m1+m2
}
has the form (
D1 cf
h
1 f
v
2E
cfh1 f
v
2
tE D2
)
. (8)
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Where D1 = (f
v
2 )
2Im1 , D2 = (f
h
1 )
2Im2 and
E =
 e1(f1)
hem1+1(f2)
v · · · e1(f1)
hem1+m2(f2)
v
...
. . .
...
em1(f1)
hem1+1(f2)
v · · · em1(f1)
hem1+m2(f2)
v

We can write the matrix (8) as(
Im1 O
cfh1 f
v
2
tED−11 −(cf
h
1 f
v
2 )
2 tED−11 E +D2
)(
D1 cf
h
1 f
v
2E
O Im2
)
. (9)
So
det
(
D1 cf
h
1 f
v
2E
cfh1 f
v
2
tE D2
)
= (fh1 )
2m2(fv2 )
2m1det
(
I − c2 tEE
)
.
and we compute
I − c2 tEE = −

λd21 − 1 λd1d2 λd1d3 · · · λd1dm2
λd1d2 λd
2
2 − 1 λd2d3 · · · λd2dm2
... · · ·
. . . . . . . . .
... · · · · · ·
. . . . . .
λd1dm2 λd2dm2 λd3dm2 . . . λd
2
m2
− 1
 .
Where λ = c2
∑
i=1
m1
(ei(f1)
h)2 and dj = em1+j(f2)
v.
By a straightforward long computation using a limited recurrence gives
(Pm)

det

d
11
− 1 d12 d
13
· · · d
1m
d
21
d
22
− 1 d
23
· · · d
2m
... · · ·
. . . . . . . . .
... · · · · · ·
. . . . . .
d
m1
d
m2
d
m3
. . . d
mm
− 1
 = (−1)
m
(
1− λ
∑
j=1
m
d2j
)
,
det

d
i1
d
i2
d
i3
· · · · · · d
ii−1
d
ii+1
· · · · · · d
im
d
21
d
22
− 1 d
23
· · · · · · d
2i−1
d
2i+1
· · · · · · d
2m
... · · ·
. . . · · · · · · . . . . . . · · · · · · · · ·
... · · · · · · · · ·
. . . . . . . . . · · · · · · · · ·
d
i−11
d
i−12
d
i−13
· · · d
i−1i−2
λd
i−1i−1
− 1 d
i−1i+1
· · · · · · d
i−1m
d
i+11
d
i+12
d
i+13
· · · d
i+1i−2
d
i+1i−1
d
i+1i+1
− 1 d
i+1i+2
· · · d
i+1m
... · · · · · · · · · · · · . . . . . .
. . . · · · · · ·
... · · · · · · · · · · · · . . . . . . · · ·
. . . · · ·
d
m1
d
m2
d
m3
· · · · · · d
mi−1
d
mi+1
· · · · · ·λd
mm
− 1

= (−1)mλd1di.
Where dij = λdidj .
So,
det(Mf1f2) = det
(
D1 cf
h
1 f
v
2E
cfh1 f
v
2
tE D2
)
=(fh1 )
2m2
(fv2 )
2m1
{1− c2g1(gradf1, gradf1)
hg2(gradf2, gradf2)
v},
(10)
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where mi (i = 1, 2) is the dimension of Mi. Since, f1 and f2 are non-constant
smooth functions, then the proposition follows.
Corollary 1. If the symmetric tensor field Gf1,f2 of type (0, 2) on M1 ×M2 is
degenerate, then for any i ∈ {1, 2}, gi(gradfi, gradfi) is positive constant ki with
ki =
1
c2k(3−i)
.
Proof. Note that if Gf1,f2 is degenerate then c is non-zero real number, f1, f2 is
nonconstant smooth functions on M1, M2 respectively and we have
c2g1(gradf1, gradf1)
hg2(gradf2, gradf2)
v = 1.
Since gi(gradfi, gradfi) depend only onMi, (i = 1, 2) we conclude that gi(gradfi, gradfi)
is constant.
Remark 2. Under the same assumptions as in Proposition 1, if f1, f2 are non-
constant smooth functions onM1,M2 respectively and ϕ is smooth function onM1×
M2 that satisfies
−1
‖gradf1‖h‖gradf2‖v
< ϕ < 1
‖gradf1‖h‖gradf2‖v
, then the symmetric
tensor fields
G
f1,f2
= (fv2 )
2π∗1g1 + (f
h
1 )
2π∗2g2 + ϕf
h
1 f
v
2 df
h
1 ⊙ df
v
2 .
is Riemannian metric on M1 ×M2.
In all what follows, we suppose that f1 and f2 satisfies the inequality (7).
Lemma 3.1. Let X be an arbitrary vector field of M1 ×M2, if there exist ϕi, ψi ∈
C∞(Mi) and Xi, Yi ∈ Γ(TMi), (i = 1, 2) such that
Gf1f2(X,Z
h
1 ) = Gf1f2(ϕ
v
2X
h
1 + ϕ
h
1X
v
2 , Z
h
1 ),
∀ Zi ∈ Γ(TMi),
Gf1f2(X,Z
v
2 ) = h
hGf1f2(ψ
v
2Y
h
1 + ψ
h
1Y
v
2 , Z
v
2 ).
Then we have,
X = ϕv2X
h
1 + ψ
h
1Y
v
2 + cf
h
1 f
v
2
{
ψv2Y1(f1)
h−ϕv2X1(f1)
h
}
grad(fv2 )
− cfh1 f
v
2
{
ψh1Y2(f2)
v−ϕh1X2(f2)
v
}
grad(fh1 )
(11)
Proof. At first, we put
B = X − ϕv2X
h
1 − ψ
h
1Y
v
2 and Z = Z
h
1 + Z
v
2 .
It suffices to observe that
−1
cfh1 f
v
2
Gf1f2(B,Z) =
1
cfh1 f
v
2
{
Gf1f2(ψ
h
1Y
v
2 − ϕ
h
1X
v
2 , Z
h
1 ) +Gf1f2(ϕ
v
2X
h
1 − ψ
v
2Y
h
1 , Z
v
2 )
}
=
{
(ψh1Y
v
2 (f
v
2 )− ϕ
h
1X
v
2 (f
v
2 ))Z
h
1 (f
h
1 ) + (ϕ
v
2X
h
1 (f
h
1 )− ψ
v
2Y
h
1 (f
h
1 ))Z
v
2 (f
v
2 )
}
=
2∑
i=1
(−1)
i
Gf1f2(
{
ψJ3−iYi(fi)
I − ϕJ3−iXi(fi)
I
}
grad(fJ3−i), Z).
With (i, I), (3− i, J) ∈ {(1, h), (2, v)}. The result follows.
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3.2. The Levi-Civita Connection.
Lemma 3.2. Let (Mi, gi), (i = 1, 2) be a Riemannian manifold. The gradient of
the lifts fh1 of f1 and f
v
2 of f2 to M1 ×f1,f2 M2 w.r.t. Gf1,f2 are
grad(fh1 )=
1
1− c2bh1b
v
2
{ 1
(fv2 )
2
(gradf1)
h−
cbh1
fh1 f
v
2
(gradf2)
v
}
, (12)
grad(fv2 )=
1
1− c2bh1b
v
2
{ 1
(fh1 )
2
(gradf2)
v−
cbv2
fh1 f
v
2
(gradf1)
h
}
, (13)
where bi = ‖gradfi‖
2 (i=1,2).
Proof. Let Zi ∈ Γ(TMi), i = 1, 2, then for (i, I), (3−i, J) ∈ {(1, h), (2, v)}, we have,
G
f1f2
(grad(f Ii ), Z
I
i ) =
1
(fJ3−i)
2
G
f1f2
((gradfi)
I , ZIi ),
and
G
f1f2
(grad(f Ii ), Z
J
3−i) = 0.
Therefor, the result follows by Equation (6) and Lemma 3.1.
Lemma 3.3. Let (M
i
, gi), (i = 1, 2) be a Riemannian manifold and let ϕi be a
smooth function on M
i
. The gradient of the lifts ϕ1
h of ϕ1 and ϕ2
v of ϕ2 to
M
1
×f1,f2 M2 w.r.t. Gf1f2 are
grad(ϕh1 ) =
(
1
fv2
)2
(gradϕ1)
h − c
(f1gradϕ1(f1))
h
fv2
grad(fv2 ), (14)
grad(ϕv2) =
(
1
fh1
)2
(gradϕ2)
v
− c
(f2gradϕ2(f2))
v
fh1
grad(fh1 ), (15)
Proof. Let Zi ∈ Γ(TMi), (i = 1, 2) then for (i, I), (3 − i, J) ∈ {(1, h), (2, v)}, we
have,
G
f1f2
(grad(ϕIi ), Z
I
i ) =
1
(fJ3−i)
2
G
f1f2
((gradϕi)
h, ZIi ),
and
G
f1f2
(grad(ϕIi ), Z
J
3−i) = 0.
Therefor, the result follows by Equation (6)and Lemma 3.1.
Proposition 2. Let (M
1
, gi), (i = 1, 2) be a pseudo-Riemannian manifold and let
fi :Mi → R
∗
+, be a positive smooth function. The cometric G˜f1f2 of Gf1f2 is given by
G˜
f1f2
=
(
1
fv2
)2
g˜h
1
+
(
1
fh1
)2
g˜v
2
+ 1
1−c2bh1 b
v
2
{ c2bv2
(fv2 )
2 (gradf1)
h ⊙ (gradf1)
h
+
c2bh1
(fh1 )
2 (gradf2)
v ⊙ (gradf2)
v − c
fh
1
fv
2
(gradf1)
h ⊙ (gradf2)
v
}
.
(16)
It is the unique tensor fields such that
G˜
f1f2
(αIi , β
K
k )=

1
(fJ
j
)2
{˜
gi(αi, βi)
I+
c2bJj
1−c2bh1 b
v
2
g˜i(αi, dfi)
I g˜i(βi, dfi)
I
}
, if i = k
−c
fh1 f
v
2 (1−c
2bh1 b
v
2)
g˜i(αi, dfi)
I g˜k(βk, dfk)
K . if i 6= k
(17)
for any αi, βi ∈ Γ(T
∗M
i
) (i = 1, 2 and j = 3 − i). Where g˜i (i = 1, 2) is the
cometrics of g
i
and (i, I), (k,K), (j, J) ∈ {(1, h), (2, v)}.
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Proof. A direct computation using Equation 6, the definition of the musical isomor-
phismes and
♯
G
f1f2
(αIi ) =
(
1
fJ3−i
)2 (
♯
gi
(αi)
)I
−
cf Ii
fJ3−i
g˜i(αi, dfi)
hgrad(fJ3−i),
for (i, I), (3− i, J) ∈ {(1, h), (2, v)}, leads to gives (17).
let us compute the Levi-Civita connection of M1 ×f1f2 M2 associated with the
metric Gf1f2 in terms of the Levi-Civita connections ∇
1
and ∇
2
associated with the
metrics g1 and g2 respectively.
Proposition 3. Let (Mi, gi), (i = 1, 2) be a Riemannian manifold. Then we have
∇Xh1 Y
h
1 = (∇
1
X1Y1)
h + fv
2
B
f1
(X1, Y1)
hgrad(fv
2
) (18)
∇Xv2 Y
v
2 = (∇
2
X2Y2)
v + fh
1
B
f
2
(X2, Y2)
hgrad(fh
1
) (19)
∇Xh1 Y
v
2 = ∇Y v2 X
h
1 = −cX1(f1)
hY2(f2)
v
{
fv
2
grad(fh
1
) + fh
1
grad(fv
2
)}
+
(
Y2(ln f2)
)v
Xh1 +
(
X1(ln f1)
)h
Y v2 ,
(20)
Where B
f
i
, (i = 1, 2) the symmetric (0, 2) tensor field of f
i
given by
B
f
i
(Xi, Yi) = cfiH
f
i (Xi, Yi) + cXi(fi)Yi(fi)− gi(Xi, Yi),
Hfi is the Hessian of fi.
Proof. Let Xi, Yi, Zi∈ Γ(TMi), i = 1, 2. For any (i, I), (k,K) ∈{(1, h), (2, v)} we
have
2Gf (∇XI
i
Y Ii , Z
K
k )=X
I
i (Gf1f2(Y
I
i , Z
K
k )) + Y
I
i (Gf1f2(X
I
i , Z
K
k ))−Z
K
k (Gf1f2(X
I
i , Y
I
i ))
+Gf1f2([X
I
i , Y
I
i ], Z
K
k ) +Gf1f2([Z
K
k , X
I
i ], Y
I
i ) +Gf1f2([Z
K
k , Y
I
i ], X
I
i ).
(21)
1. Taking (i, I)=(k,K) in this formula, using Formula (6) and Lemma 2.1, we get
2Gf1f2(∇Xh
i
Y Ii , Z
I
i ) = 2(f
J
3−i)
2(gi(∇
i
XiYi, Zi))
I ,
and using (6) again, we get
Gf1f2(∇XIi Y
I
i , Z
I
i ) = Gf1f2((∇
i
XiYi)
I , ZIi ).
Similarly, taking (i, I) 6= (k,K), we get
Gf1f2(∇XI
i
Y Ii , Z
K
k ) =
(
cXi(fiYi(fi)− gi(Xi, Yi))
(f2i )
)I
Gf1f2
(
(fkgradfk)
K , ZKk
)
The result then follows by Lemma 3.1.
2. Taking i 6= k.
At first, since ∇ is torsion-free we have ∇YK
k
XIi = ∇XIi Y
K
k + [X
I
i , Y
K
k ]. By Lemma
2.1, we have [XIi , Y
K
k ] = 0. This implies that ∇XIi Y
K
k = ∇YKk X
I
i .
Using Formula (6) and Lemma 2.1, we get
Gf1f2(∇XIi Y
K
j , Z
I
i ) = Gf1f2
(
(
Yk(fk)
fk
)KXIi , Z
I
i
)
,
and
Gf1f2(∇XIi Y
K
k , Z
K
k ) = Gf1f2
(
(
Xi(fi)
fi
)IY Kk , Z
K
k
)
.
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Thus the result follows by Lemma 3.1.
3.3. The Laplacian of the lifts to M1 and M2.
Theorem 3.4. On a generalized warped product (M
1
×f
1
f
2
M
2
, Gf
1
f
2
) with m
1
=
dimM
1
andm
2
= dimM
2
, Let f
1
:M1 → R and f2 :M1 → R be a smooth functions.
Then the Laplacian of the horizontal lift f
1
◦ π1 of f1 (resp. vertical lift f2 ◦ π2 of
f
2
) to M
1
×f1f2 M2 is given by
∆(fh1 ) =
1
fv2 (1− c
2bh1b
v
2)
{
1
fv2
(
∆1(f1)
)h
−
cbh1
fh1
(
∆2(f2)
)v
+
bh1 (c(1−m1)b
v
2 +m2)
fh1 f
v
2
}
(22)
+
c2
2fv2 (1− c
2bh1b
v
2)
2
{
bv2
fv2
(gradf1(b1))
h −
c(b21)
h
fh1
(gradf2(b2))
v
}
.
∆(fv2 ) =
1
fh1 (1− c
2bh1b
v
2)
{
1
fh1
(
∆2(f2)
)v
−
cbv2
fv2
(
∆1(f1)
)h
+
bv2
(
c(1−m2)b
h
1 +m1
)
fh1 f
v
2
}
(23)
+
c2
2fh1 (1− c
2bh1b
v
2)
2
{
bh1
fh1
(gradf2(b2))
v
−
c(b22)
v
fv2
(gradf1(b1))
h
}
.
Where bi = ‖gradfi‖
2 (i=1,2).
Lemma 3.5. On (M
1
×f
1
f
2
M
2
, Gf
1
f
2
), if {e
1
, ..., e
m
1
} is the local frame field with
respect to the metric g
1
and {e
m1+1
, ..., e
m1+m2
} is the local frame field with respect
to the metric g
2
, then {u
1
, ..., u
m1
, u
m1+1
, ..., u
m1+m2
} is the local frame field with
repect to the metric Gf
1
f
2
, where
u′j=

1
fv
2
ehj , j∈{1, ...,m1};
cavj
(1−c2bh1A
v
j
)
{
− 1
fv2
(gradf1)
h+
cbh1
fh1
T vj
}
+ 1
fh1
evj , j∈{m1 + 1, .,m1 +m2}.
(24)
And for j ∈ {m1 + 1, ...,m1 +m2},
uj=
1
‖u′j‖
u′j, ‖u
′
j‖
2=
1− c2bh1A
v
j+1
1− c2bh1A
v
j
, Aj=
j−1∑
i=m
1
+1
a2
i
, Tj=
j−1∑
i=m
1
+1
aiei, ai = ei(f2).
Proof. We know that Gf
1
f
2
is Riemannian metric if and only if 0 < 1− bh
1
bv
2
. Then
if we choose {e
1
, ..., e
m
1
} to be a local, orthonormal basis of the vector fields with
respect to g
1
on an open O
1
⊂M
1
and {e
m1+1
, ..., e
m1+m2
} to be a local orthonormal
basis of the vector fields with respect to the metric g
2
on an open O
2
⊂ M
2
, then
the family
{v
1
=
1
fv
2
eh
1
, ..., v
m1
=
1
fv
2
eh
m1
, v
m1
+1 =
1
fh
1
ev
m1+1
, ..., v
m1+m2
=
1
fh
1
ev
m1+m2
}
is a local basis of the vector fields with respect to Gf
1
f
2
on an open O
1
× O
2
⊂
M
1
×M
2
.
The gradient of f1 (resp. f2 ) and its norm ‖gradf1‖ (resp. ‖gradf2‖) can be written
as
gradf
1
=
m1∑
k=1
ek(f1)ek, ‖gradf1‖
2 =
m1∑
k=1
(ek(f1))
2 (25)
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(
rep. gradf
2
=
m1+m2∑
i=m1+1
aiei, ‖gradf2‖
2 =
m1+m2∑
i=m1+1
a2i
)
. (26)
Gf
1
f
2
is positive definite, which implies that
1− c2bh
2
l∑
k=1
(ah
k
)2 > 0, ∀l ∈ {1, ...,m
1
}, (27)
and
1− c2bh
1
j∑
i=m
1
+1
(av
i
)2 > 0, ∀j ∈ {m
1
+ 1, ...,m
1
+m
2
}. (28)
For the proof of the lemma it is actually almost the most interesting result because
it provides an algorithm for constructing {u
1
, ..., u
m1
, u
m1+1
, ..., u
m1+m2
} from the
family {e
1
, ..., e
m
1
} et {e
m1+1
, ..., e
m1+m2
}.
To do so, we use a limited recurrence (The Gram schmidt process).
At first, we put u′1 = v1 and u1 =
v
1
‖v1‖
. For j ∈ {2, ...,m1,m1 + 1, ...,m1 +m2},
u′j = vj −
j−1∑
i=1
Gf
1
f
2
(vj , ui)ui and uj =
u′j
‖u′j‖
. (29)
By virtue of (29), a straightforward calculation using (25) and (26) gives
uk =
1
fv
2
ehk, ‖uk‖ = 1 ∀k ∈ {1, ...,m1},
for all j ∈ {m1, ...,m1 +m2}, we have
u′j =
−cavj
fv
2
(
1−c2bh1
∑j−1
i=m1+1
(av
i
)2
) (gradf
1
)h + 1
fh
1
evj
+
c2bh1a
v
j
fh
1
(
1−c2bh1
∑j−1
i=m1+1
(av
i
)2
)
(∑j−1
i=m1+1
aiei
)v
,
and
‖u′j‖ =
√√√√√√√
(
1− c2bh1
∑j
i=m1+1
(avi )
2
)
(
1− c2bh1
∑j−1
i=m1+1
(avi )
2
) .
Remark 3. With the notations above, we have
1) Tm1+1 is the zero vector field on M2 , Am1+1 is the zero function on M2 and
Am1+m2 is the care of the gradient of f2 .
2)For any j ∈ {m1 + 1, ...,m1 +m2}
Tj(f2) = Aj = g2(Tj , Tj),
u′j(f
h
1
) = −
cbh1
fv
2
( avj
1−c2bh1A
v
j
)
= −
cfh
1
bh1
fv
2
u′j(f
v
2
),
uj(f
h
1
) = −
cfh
1
bh1
fv
2
uj(f
v
2
),
(30)
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Lemma 3.6. With the notations above, we have
1
1− c2bh1b
v
2
(gradf2)
v = c2bh1
m1+m2∑
j=m1+1
(
avj
‖u′j‖(1− c
2bh1A
v
j )
)2
T vj +
m1+m2∑
j=m1+1
(
avj
‖u′j‖
2(1− c2bh1A
v
j )
)
evj .
(31)
And
bv2
1− c2bh1b
v
2
= c2bh1
m1+m2∑
j=m1+1
(
avj
√
Avj
‖u′j‖(1− c
2bh1A
v
j )
)2
+
m1+m2∑
j=m1+1
(
(avj )
2
‖u′j‖
2(1− c2bh1A
v
j )
)
. (32)
Proof. From Lemma 3.5, {u
1
, ..., u
m1
, u
m1+1
, ..., u
m1+m2
} is the local frame field with
repect to the metric Gf
1
f
2
, then
grad(fh1 ) =
m1+m2∑
j=1
uj(f
h
1 )uj =
( 1
fv2
)2 m1∑
j=1
ehj (f
h
1 )e
h
j +
m1+m2∑
j=m1+1
uj(f
h
1 )uj
=
( 1
fv2
)2
(gradf1)
h +
c2bh1
(fv2 )
2
m1+m2∑
j=m1+1
( aj
‖u′j‖(1− c
2bh1A
v
j )
)2
(gradf1)
h
−
c3(b21)
h
fh1 f
v
2
m1+m2∑
j=m1+1
( aj
‖u′j‖(1− c
2bh1A
v
j )
)2
T vj −
cbh1
fh1 f
v
2
m1+m2∑
j=m1+1
aj
‖u′j‖
2(1− c2bh1A
v
j )
evj .
On the other hand, by (49), we have also,
(cbh1
fv2
)2 m1+m2∑
j=m1+1
( aj
‖u′j‖(1− c
2bh1A
v
j )
)2
=
m1+m2∑
j=1
(
uj(f
h
1 )
)2
−
( 1
fv2
)( m1∑
k=1
(
ek(f1)
)2)h
= ‖grad(fh1 )‖
2 −
(
‖gradf1‖
h
fv2
)2
=
c2(b21)
hbv2
(fv2 )
2(1 − c2bh1b
v
2)
.
Substituting in the previous equation then leads to the required result.
The second assertion can be calculated by applying Equation (31) the function
fv2 .
Lemma 3.7. With the notations above, we have, for all j ∈ {m1 +1, ...,m1 +m2}
1
1− c2bh1A
v
j
+ c2bh1
m1+m2∑
i=j
(avi )
2
(1− c2bh1A
v
i )(1 − b
h
1A
v
i+1)
=
1
1− c2bh1b
v
2
, (33)
(1− c2bh1A
v
j+1)(1 − c
2bh1A
v
j−1) + (c
2bh1a
v
ja
v
j−1)
2
(1 − c2bh1A
v
j )
(
1− c2bh1(A
v
j+1 − (a
v
j−1)
2)
) = 1, (34)
and
1
‖u′j‖
2
+ (c2bh1a
v
j )
2
m1+m2∑
i=j+1
(avi )
2
(1− c2bh1A
v
i )(1− c
2bh1A
v
i+1)
=
1− c2bh1 (b
v
2 − (a
v
j )
2)
1− c2bh1b
v
2
. (35)
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Proof. Firstly, if we put Bj = 1− c
2bh1Aj and C
i,i+1 = Bj ...Bi−1Bi+2...Bm1+m2+1
with i ≥ j, then for any j ∈ {m1+1, ...,m1+m2}, the equation
1
Bj
+c2bh1
∑m1+m2
i=j
(avi )
2
BiBi+1
becomes ∏
k=j+1
m1+m2+1
Bk + c
2bh1
∑
i=j
m1+m2
(avi )
2Ci,i+1∏
k=j
m1+m2+1
Bk
,
furthermore,
∏
k=j+1
m1+m2+1
Bk + c
2bh1
∑
i=j
m1+m2
(avi )
2Ci,i+1 = Cj,j+1
(
Bj+1 + c
2bh1(a
v
j )
2
)
+ c2bh1
∑
i=j+1
m1+m2
(avi )
2Ci,i+1.
Therefore, using the fact that BjC
j,j+1 = Bj+2C
j+1,j+2, Bj+1 + c
2bh1(a
v
j )
2 = Bj
and by induction, we have
∏
k=j+1
m1+m2+1
Bk + c
2bh1
∑
i=j
m1+m2
(avi )
2Ci,i+1 =
∏
k=j+1
m1+m2−1
Bk
(
Bm1+m2+1 + c
2bh1(a
v
m1+m2)
2
)
.
Accordingly,
1
Bj
+ c2bh1
m1+m2∑
i=j
(avi )
2
Bi+1Bi
=
∏
k=j+1
m1+m2−1
Bk
(
Bm1+m2+1 + c
2bh1 (a
v
m1+m2)
2
)
∏
k=j
m1+m2+1
Bk
=
1
1− c2bh1b
h
2
.
For j ∈ {m1 + 2, ...,m1 +m2}, we have
Bj+1Bj−1 + c
4(b21)
h
(
avja
v
j−1
)2
= Bj+1
(
Bj + c
2bh1(a
v
j−1)
2
)
+ c4(b21)
h
(
avja
v
j−1
)2
= Bj+1Bj + c
2bh1 (a
v
j−1)
2
(
Bj+1 + c
2bh1(a
v
j )
2
)
= Bj
(
Bj+1 + c
2bh1(a
v
j−1)
2
)
The second assertion is true.
The third assertion follows from Equations (33) and (34).
Proof of Theorem 3.4
The proof of the theorem is a very long calculation. that will be omitted here.
Now, we calculate the Laplacian of the lifts fh1 of f1, using Lemma 3.5.
△(fh1 ) =
m1+m2∑
j=1
Gf1f2(∇ujgrad(f
h
1 ), uj)
=
m1∑
j=1
Gf1f2(∇ujgrad(f
h
1 ), uj) +
m1+m2∑
j=m1+1
Gf1f2(∇ujgrad(f
h
1 ), uj)
=
( 1
fv2
)2 m1∑
j=1
Gf1f2(∇eh
j
grad(fh1 ), e
h
j ) +
m1+m2∑
j=m1+1
1
‖u′‖2
Gf1f2(∇u′jgrad(f
h
1 ), u
′
j) (36)
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Calculate, the first term on the right-hand side of the last equation above
Gf1f2(∇eh
j
grad(fh1 ), e
h
j ) = e
h
j (e
h
j (f
h
1 ))− (∇ehj e
h
j )(f
h
1 )
=
(
g1(∇
1
ej gradf1, ej)
)h
− fv2 (Kf1(ej , ej))
h
grad(fv2 )(f
h
1 )
=
(
g1(∇
1
ej gradf1, ej)
)h {
1−cfh1 f
v
2 grad(f
v
2 )(f
h
1 )
}
+fv2 grad(f
v
2 )(f
h
1 )
{
1− c(ej(f1))
2
}h
.
From this formula and a straightforward calculation, we obtain
m1∑
j=1
G
f1f2
(∇eh
j
grad(fh1 ), e
h
j ) =
1
(1− c2bh1b
v
2)
{
(△1(f1))
h
+
cbh1b
v
2
f1
(cbh1 −m1)
}
. (37)
Calculate, the second term on the right-hand side of Equation (36). Straightforward
calculation using Lemmas 3.6 and 3.7 gives
m1+m2∑
j=m1+1
1
‖u′‖2
Gf1f2(∇
u′
j
grad(fh1 ), u
′
j) =
c2bv2
(fv2 )
2(1− c2bh1b
v
2)
Gf1f2(∇
(gradf1)
h
grad(fh1 ), (gradf1)
h)
−
2c
fh1 f
v
2 (1− c
2bh1b
v
2)
Gf1f2(∇
(gradf1)
h
grad(fh1 ), (gradf2)
v) +
( 1
fh1
)2[ m1+m2∑
j=m1+1
1
‖u′j‖
2
{
( c2bh1avj
1− c2bh1Aj
)2
Gf1f2(∇
Tv
j
grad(fh1 ), T
v
j ) +
2c2bh1a
v
j
1− c2bh1Aj
Gf1f2(∇
Tv
j
grad(fh1 ), e
v
j )
+Gf1f2(∇
ev
j
grad(fh1 ), e
v
j )}].
So,
m1+m2∑
j=m1+1
1
‖u′‖2
Gf1f2(∇
u′
j
grad(fh1 ), u
′
j) =
c2bv2
(fv2 )
2(1− c2bh1b
v
2)
Gf1f2(∇
(gradf1)
h
grad(fh1 ), (gradf1)
h)
−
2c
fh1 f
v
2 (1− c
2bh1b
v
2)
Gf1f2(∇
(gradf1)
h
grad(fh1 ), (gradf2)
v)−
1
(fh1 )
2
(
1− c2bh1b
v
2
){(1−c2bh1bv2)m1+m2∑
m1+1
∇ev
j
evj (f
h
1 )
+c2bh1
m1+m2∑
j=m1+1
(
avj
)2
∇
ev
j
evj (f
h
1 ) + 2c
2bh1
∑
m1+1≤i<j≤m1+m2
avi a
v
j∇evi e
v
j (f
h
1 )
}
.
Since ∇ is torsion-free and [evj , e
v
j ](f
h
1 ) = 0, we deduce that
2
∑
m1+1≤i<j≤m1+m2
avi a
v
j∇evi e
v
j (f
h
1 ) +
m1+m2∑
m1+1
(
avj
)2
∇
ev
j
evj (f
h
1 ) =
∑
m1+1≤i,j≤m1+m2
avi a
v
j∇evi e
v
j (f
h
1 ).
So
m1+m2∑
j=m1+1
1
‖u′‖2
Gf1f2(∇
u′
j
grad(fh1 ), u
′
j) =
c2bv2
(fv2 )
2(1− c2bh1b
v
2)
Gf1f2(∇
(gradf1)
h
grad(fh1 ), (gradf1)
h)
−
2c
fh1 f
v
2 (1 − c
2bh1b
v
2)
Gf1f2(∇
(gradf1)
h
grad(fh1 ), (gradf2)
v)−
( 1
fh1
)2{ m1+m2∑
j=m1+1
∇ev
j
evj (f
h
1 )
+
c2bh1
1− c2bh12b
v
2
∑
m1+1≤i,j≤m1+m2
avi a
v
j∇evi e
v
j (f
h
1 )
}
.
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Since ∇ is compatible with Gf1f2 and∑
m1+1≤i,j≤m1+m2
avi a
v
j∇evi e
v
j (f
h
1 ) = −Gf1f2(∇
(gradf2)
v
grad(fh1 ), (gradf2)
v)
then
m1+m2∑
j=m1+1
1
‖u′‖2
Gf1f2
(
∇
u′
j
grad(fh1 ), u
′
j
)
=
c2bv2
(fv2 )
2(1− c2bh1b
v
2)
Gf1f2
(
∇
(gradf1)
h
grad(fh1 ), (gradf1)
h
)
−
2c
fh1 f
v
2 (1− c
2bh1b
v
2)
Gf1f2
(
∇
(gradf1)
h
grad(fh1 ), (gradf2)
v
)
−
( 1
fh1
)2 m1+m2∑
j=m1+1
∇ev
j
evj (f
h
1 )
+
c2bh1
(fh1 )
2(1− c2bh1b
v
2)
Gf1f2
(
∇
(gradf2)
v
grad(fh1 ), (gradf2)
v
)
.
Using Proposition 3, we obtain
∆(fh1 ) =
1
fv2 (1− c
2bh1b
v
2)
{
1
fv2
(
∆1(f1)
)h
−
cbh1
fh1
(
∆2(f2)
)v
+
bh1 (c(1−m1)b
v
2 +m2)
fh1 f
v
2
}
+
c2
2fv2 (1− c
2bh1b
v
2)
2
{
bv2
fv2
(gradf1(b1))
h
−
c(b21)
h
fh1
(gradf2(b2))
v
}
.
For the Laplacian of fv2 , just take {w1 , ..., wm2 , wm2+1 , ..., wm2+m1} the local frame
field with repect to the metric Gf
1
f
2
), where
W ′j =

1
fv
1
e′vj , j ∈ {1, ...,m2};
1
fh2
( c2bv2ahj
(1−c2bv
2
Ah
j
)
T hj + e
′h
j
)
−
cahj
fh
1
(1−c2bv2A
h
j
)
(gradf2)
v, j ∈ {m2 + 1, .,m2 +m1}.
(38)
And
wj =
1
‖w′j‖
w′j , ‖w
′
j‖
2 =
1− c2bv2A
h
j+1
1− c2bv2A
h
j
, Aj =
j−1∑
i=m
2
+1
a2
i
, Tj =
j−1∑
i=m
2
+1
aie
′
i, aj = ej(f1).
such that {e′
1
, ..., e′
m
2
} is the local frame field with respect to the metric g
2
and
{e′
m2+1
, ..., e′
m2+m1
} is the local frame field with respect to the metric g
1
. Then
∆(fv2 ) =
1
fh1 (1− c
2bh1b
v
2)
{
−
cbv2
fv2
(
∆1(f1)
)h
+
1
fh1
(
∆2(f2)
)v
+
bv2
(
c(1−m2)b
h
1 +m1
)
fh1 f
v
2
}
+
c2
2fh1 (1− c
2bh1b
v
2)
2
{
−
c(b22)
v
fv2
(gradf1(b1))
h +
bh1
fh1
(gradf2(b2))
v
}
.
Corollary 2. If f1 and f2 are two harmonic functions, then f
h
1 (resp. f
v
2 ) is
harmonic if and only if
bh1 (c(1 −m1)b
v
2 +m2)
fh1 f
v
2
+
c2
2(1− c2bh1b
v
2)
{
bv2
fv2
(gradf1(b1))
h
−
c(b21)
h
fh1
(gradf2(b2))
v
}
= 0,(
resp.
bv2
(
c(1−m2)b
h
1 +m1
)
fh1 f
v
2
+
c2
2(1− c2bh1b
v
2)
{
bh1
fh1
(gradf2(b2))
v
−
c(b22)
v
fv2
(gradf1(b1))
h
}
=0
)
.
Proof. As a direct consequence of Theorem 3.4.
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Remark 4. 1/ If for all i ∈ {1, 2}, the gradient of fi is parallel with respect to ∇
i
,
then
∆(fh1 ) =
(1−m1)cb
h
1b
v
2 +m2b
h
1
fh1 (f
v
2 )
2(1− c2bh1b
v
2)
and ∆(fv2 ) =
(1−m2)cb
h
1b
v
2 +m1b
v
2
(fh1 )
2fv2 (1− c
2bh1b
v
2)
.
2/ If ϕi ∈ C
∞(Mi) (i = 1, 2), then it is easy to calculate the △(ϕ
h
1 ) and △(ϕ
v
2) by
using of course Lemmas 3.5, 3.6 and 3.7.
3/ We can calculate also, the bi-Laplacian of ϕh1 and ϕ
v
2 .
4. Other remarkable metric tensor on a product manifold. Let c be an
arbitrary real number and let gi, (i = 1, 2) be a Riemannian metric tensors on
Mi. Given a smooth positive function fi on Mi, we define a metric tensor field on
M1 ×M2 by
h
f1,f2
= π∗1g1 + (f
h
1 )
2π∗2g2 +
c2
2
(fv2 )
2dfh1 ⊙ df
h
1 . (39)
Where πi, (i = 1, 2) is the projection of M1 ×M2 onto Mi .
It is the unique metric tensor such that for any Xi, Yi ∈ Γ(TMi), (i = 1, 2)
h
f1,f2
(Xh1 , Y
h
1 ) = g1(X1, Y1)
h + c2(fv2 )
2X1(f1)
hY1(f1)
h
h
f1,f2
(Xv2 , Y
v
2 ) = (f
h
1 )
2g2(X2, Y2)
v
h
f1,f2
(Xh1 , Y
v
2 ) = hf1,f2 (X
v
2 , Y
h
1 ) = 0
(40)
4.1. The Levi-Civita Connection.
Lemma 4.1. Let (Mi, gi), (i = 1, 2) be a Riemannian manifold. The gradient of
the lifts ϕh1 of ϕ1 and ϕ
v
2 of ϕ2 to M1 ×f1,f2 M2 w.r.t. hf1,f2 are
grad(ϕh1 )=(gradϕ1)
h −
c2(fv2 )
2(gradϕ(f1))
h
1 + c2(fv2 )
2bh1
(gradf1)
h, (41)
grad(ϕv2)=
1
(fh1 )
2
(gradϕ2)
v, (42)
where b1 = ‖gradf1‖
2.
Proof. It suffices to observe that
Z1(f1)
h = h
f1,f2
(
1
1 + c2(fv2 )
2bh1
(gradf1)
h, Zh1 ),
and so,
Z1(ϕ1)
h = h
f1,f2
((gradϕ1)
h −
c2(fv2 )
2(gradϕ(f1))
h
1 + c2(fv2 )
2bh1
(gradf1)
h, Zh1 ).
Therefor, the result follows by Equation (40) and Lemma 2.1.
let us compute the Levi-Civita connection of M1 ×f1f2 M2 associated with the
metric hf1f2 in terms of the Levi-Civita connections ∇
1
and ∇
2
associated with the
metrics g1 and g2 respectively.
Proposition 4. Let (Mi, gi), (i = 1, 2) be a Riemannian manifold. Then we have
∇Xh1Y
h
1 = (∇
1
X1Y1)
h +
(cfv2 )
2Hf1(X1, Y1)
h
1 + (cfv2 )
2bh1
(gradf1)
h
− c2fv2 (X1(ln f1)Y1(ln f1))
h(gradf2)
v (43)
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∇Xv2 Y
v
2 = (∇
2
X2Y2)
v −
fh1 g2(X2, Y2)
v
1 + c2(fv2 )
2bh1
(gradf1)
h (44)
∇Xh1 Y
v
2 = ∇Y v2 X
h
1 =
c2fv2 Y2(f2)
vX1(f1)
h
(1+c2(fv2 )
2bh1 )
(gradf1)
h +
(
X1(ln f1)
)h
Y v2 , (45)
Where Hf1 is the Hessian of f1.
Proof. It follows directly from Koszul formula and Equation (40).
4.2. The Laplacian of the lifts to M1 and M2.
Theorem 4.2. On a generalized warped product (M
1
×f
1
f
2
M
2
, hf
1
f
2
) with m
1
=
dimM1 and m2 = dimM2 , Let ϕ1 : M1 → R and ϕ2 : M1 → R be a smooth
functions. Then the Laplacian of the horizontal lift ϕ
1
◦ π1 of ϕ1 (resp. vertical lift
ϕ
2
◦ π2 of ϕ2 ) to M1 ×f1f2 M2 is given by
∆(ϕh1 ) = ∆(ϕ1)
h +
m2(gradf1(ϕ1))
h
fh1 (1 + (cf
v
2 )
2bh1 )
−
(cfv2 )
2
1 + (cfv2 )
2bh1
 (gradf1(ϕ1))h∆(f1)h
(46)
+Hϕ1(gradf1, gradf1)
h −
(cfv2 )
2(gradf1(ϕ1))
h
1 + (cfv2 )
2bh1
Hf1(gradf1, gradf1)
h

∆(ϕv2) =
1
(fh1 )
2
{
∆(ϕ2)
v +
c2fv2 b
h
1 (gradf2(ϕ2))
v
1 + (cfv2 )
2bh1
}
. (47)
Where b1 = ‖gradf1‖
2.
Lemma 4.3. On (M1 ×f1f2 M2 , hf1f2 ), if {e1 , ..., em1 } is the local frame field with
respect to the metric g1 and {em1+1 , ..., em1+m2} is the local frame field with respect
to the metric g2 , then {u1 , ..., um1 , um1+1 , ..., um1+m2} is the local frame field with
repect to the metric hf
1
f
2
, where
u′i=

−
(cfv2 )
2ahi
1+(cfv2 )
2Bh
i
T hi + e
h
i , i ∈ {1, ...,m1};
1
fh1
evi , i ∈{m1 + 1, .,m1 +m2}.
(48)
And for i ∈ {1, ...,m1},
ui=
1
‖u′i‖
u′i, ‖u
′
i‖
2=
1 + (cfv2 )
2Bhi+1
1 + (cfv2 )
2Bhi
, Bi=
i−1∑
j=1
a2
j
, Ti=
i−1∑
j=1
aiei, ai = ei(f1).
Proof. For the proof of the lemma it is actually almost the most interesting result
because it provides an algorithm for constructing {u
1
, ..., u
m1
, u
m1+1
, ..., u
m1+m2
}
from the family {e
1
, ..., e
m1
} et {e
m1+1
, ..., e
m1+m2
}.
To do so, we use a limited recurrence (The Gram schmidt process)(see Lemma 3.5).
Remark 5. With the notations above, we have
1) T1 is the zero vector field on M1 , B1 is the zero function on M1 and Am1+1 is
the care of the gradient of f
1
.
2)For any i ∈ {1, ...,m1 + 1}{
Ti(f1) = Ai = g(Ti, Ti),
u′i(f
h
1
) =
ahi
1+(cfv2 )
2Bh
i
.
(49)
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Lemma 4.4. With the notations above, we have, for all j ∈ {1, ...,m1}
(cfv2 )
4(ahj )
2
 m1∑
i=j+1
(ahi )
2
(1 + (cfv2 )
2Bhi )(1 + (cf
v
2 )
2Bhi+1)
+ 1 + (cfv2 )2Bhj
1 + (cfv2 )
2Bhj+1
= 1−
(cfv2 a
h
j )
2
1 + (cfv2 )
2bh1
,
(50)
(cfv2 )
2
 m1∑
i=j+1
(ahi )
2
(1 + (cfv2 )
2Bhi )(1 + (cf
v
2 )
2Bhi+1)
− 1
1 + (cfv2 )
2Bhj+1
=
−1
1 + (cfv2 )
2bh1
(51)
Proof. The proof is the following partial analogue of Lemma 3.7.
Proof of Theorem 4.2
The proof of the theorem is a very long calculation. that will be omitted here.
Now, we calculate the Laplacian of the lifts ϕh1 of ϕ1, using Lemma 4.3.
△(ϕh1 ) =
m1+m2∑
j=1
hf1f2(∇ujgrad(ϕ
h
1 ), uj)
=
m1∑
j=1
hf1f2(∇ujgrad(ϕ
h
1 ), uj) +
m1+m2∑
j=m1+1
hf1f2(∇ujgrad(ϕ
h
1 ), uj)
=
m1∑
j=1
1
‖u′‖2
hf1f2(∇u′jgrad(ϕ
h
1 ), u
′
j) +
( 1
fh1
)2m1+m2∑
j=m1+1
hf1f2(∇evj grad(ϕ
h
1 ), e
v
j ) (52)
Calculate, the seconde term on the right-hand side of the last equation above( 1
fh1
)2m1+m2∑
j=m1+1
hf1f2(∇evj grad(ϕ
h
1 ), e
v
j ) =
m2(gradf1(ϕ1))
h
fh1 (1 + (cf
v
2 )
2bh1)
.
Calculate, the first term on the right-hand side of Equation (52). Straightforward
calculation using Lemmas 4.4 gives
m1∑
j=1
1
‖u′‖2
hf1f2(∇u′jgrad(ϕ
h
1 ), u
′
j) =
m1∑
j=1
hf1f2(∇eh
j
grad(ϕh1 ), e
h
j )
−
(cfv2 )
2
1 + (cfv2 )
2bh1
∑
1≤i,j≤m11
ahi a
h
j hf1f2(∇ehj grad(ϕ
h
1 ), e
h
j )
=
m1∑
j=1
hf1f2(∇eh
j
grad(ϕh1 ), e
h
j )−
(cfv2 )
2
1 + (cfv2 )
2bh1
hf1f2(∇
(gradf1)
h
grad(ϕh1 ), (gradf1)
h).
Using Proposition 4, we obtain Equation (46).
The seconde assertion is similar.
Corollary 3. Let (Mi, gi) (i = 1, 2) be a connected riemannian manifolds. If f1 is
a harmonic function such that gradf1 6= 0, then f
h
1 is harmonic if and only if
c 6= 0, f2 is a constant function and H
f1(gradf1, gradf1) = m2b1(b1 +
1
c2f22
),
If f2 is harmonic function, then f
v
2 is harmonic if and only if
c = 0 or (f1 or f2 is a constant function).
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Proof. As a direct consequence of Theorem 3.4.
4.3. The Curvature tensors. Let R
i
(i = 1, 2) and R be the Riemannian curva-
ture tensors with respect to g
i
and g
f1f2
respectively. In the following proposition,
we express the curvature R of the connection ∇ in terms of the warping functions
f1, f2 and the curvatures R
1
and R
2
of ∇
1
and ∇
2
respectively.
Proposition 5. Let (M
i
, g
i
), (i = 1, 2) be a connected Riemannian manifold and
let f1 ∈ C
∞(M1) be a non-constant positive function. Assume that the gradient
of fi is parallel with respect to ∇
i
(i = 1, 2). Then for any Xi, Yi, Zi ∈ Γ(TMi)
(i = 1, 2) we have
R(X1
h, Y1
h)Z1
h = (R
1
(X1, Y1)Z1)
h,
R(X2
v, Y2
v)Z2
v = (R
2
(X2, Y2)Z2)
v − b11+(cfv2 )2b1
{(X2 ∧g2 Y2)Z2}
v
+
c2fh1 f
v
2 b1
(1+(cfv2 )2b1)
2 {((X2 ∧g2 Y2)Z2) (f2)}
v
(gradf1)
h,
R(X1
h, Y1
h)Z2
v = 0,
R(X2
v, Y2
v)Z1
h =
c2fv2 b1(Z(f1))
h
fh1 (1+(cf
v
2 )
2b1)
{(X2 ∧g2 Y2)gradf2}
v
,
R(X1
h, Y2
v)Z1
h = c
2X1(ln f1)
hZ1(ln f1)
hY2(f2)
v
1+(cfv2 )
2b1
(gradf2)
v,
R(X1
h, Y2
v)Z2
v = c
2X1(ln f1)
h
1+(cf2)2b1
{
fv2 b1 ((gradf2 ∧g2 Y2)Z2)
v −
fh1 Y2(f2)
vZ2(f2)
v
1+(cf2)2b1
(gradf1)
h
}
.
where the wedge product (X2 ∧g2 Y2)Z2 = g2(Y2, Z2)X2 − g2(X2, Z2)Y2.
Proof. Long but straightforward computations using Proposition (4) and Lemma(4.1).
As direct consequence of Proposition 5 we obtain
Corollary 4. Let (M
i
, g
i
), (i = 1, 2) be a Riemannian manifold. Assume that the
gradient of f1 is parallel with respect to ∇
1
. If (M1 × M2, hf1f2) is flat then the
base (M1, g1) is flat and the fiber (M2, g2) is space of constant sectional curvature
k = b11+(cfv2 )2b1
.
Now consider the Ricci curvature Ric of a generalized warped product, writing
(Ric1)
h for the lift (pullback by π1) of the Ricci curvature of M1, and similarly for
(Ric2)
v.
Proposition 6. Under the same assumptions as in Proposition 5, let Ric1, Ric2
and Ric be the Ricci curvature tensors with respect to g
1
, g
2
and h
f1f2
respectively.
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let X1, Y1 ∈ Γ(TM1) and X2, Y2 ∈ Γ(TM2), then we have
Ric(Xh1 , Y
h
1 ) = Ric1(X1, Y1)
h −
c2bv2
1+(cfv2 )
2b1
X1(ln f1)
hY1(ln f1)
h,
Ric(Xh1 , Y
v
2 ) =
c2(m2−1)b1f
v
2
1+(cf2)2b1
X1(ln f1)
hY2(f2)
v,
Ric(Xv2 , Y
v
2 ) = Ric2(X2, Y2)
v + c
2b1
(1+(cfv2 )
2b1)2
X2(f2)
vY2(f2)
v − (m2−1)b11+(cfv2 )2b1
g2(X2, Y2)
v.
Where m2 = dimM2.
Proof. Long but straightforward computations using Propositions (4, 5) and Lem-
mas (4.1, 4.3 and 4.4).
Corollary 5. Under the same assumptions as in Proposition 5, let S1, S2 and S be
the scalar curvature with respect to g
1
, g
2
and g
f1f2
respectively. Then the following
equation holds
S = Sh1 +
1
(fh1 )
2S
v
2 −
m2(m2−1)b1
(fh1 )
2(1+(cf2)2b1)
.
Proof. Follows from Propositions (4, 5) and Lemmas (4.1, 4.3 and 4.4).
Corollary 6. Under the same assumptions as in Proposition 5, let (Mi, gi) (i =
1, 2) be a riemannian manifold with constant sectional curvature ki. Then
S(p1, p2) = m1(m1 − 1)k1 +
m2(m2 − 1)
f1(p1)2
(
k2 −
‖gradf1‖p1
1 + (cf2(p2))2‖gradf1‖p1
)
.
Proof. We know that if (Mi, gi) (i = 1, 2) have constant sectional curvature ki, then
Si(pi) = mi(mi − 1)ki. By Corollary 5 follows.
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